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Abstract 

In this paper we perform a fine blow up analysis for a fourth order elliptic equation involving critical 
Sobolev exponent, related to the prescription of some conformal invariant on the standard sphere 
(§",/i). We derive from this analysis some a priori estimates in dimension 5 and 6. On §^ these a 
priori estimates, combined with the perturbation result in the first part of the present work, allow us 
to obtain some existence result using a continuity method. On we prove the existence of at least 
one solution when an index formula associated to this conformal invariant is different from zero. 
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1 Introduction 

Let (M, g) be a smooth 4-diniensional Riemmanian manifold, and consider the following fourth order 
operator, introduced by Pancitz p3 



2RiCg I dip, 



where Scalg and RiCg denote the scalar curvature and the Ricci curvature of {M*,g) respectively. Origi- 
nally this operator was introduced for physical motivations and has many applications in mathematical 
physics, see eJ 



g, m and |26 



Moreover the Paneitz operator enjoys many geometric properties, in 
particular it is conformally invariant, and can be seen as a natural extension of the Laplace-Beltrami 
operator on 2-manifolds. After the pioneering works by T. Branson [n2|, |1^ and S.A. Chang and P. 
Yang [pi] , this operator has been the subject of many papers |l4) , , , 1 2^ , see also the surveys [|5| 
and p2|. has been generalized to manifolds of dimension greater than 4 by T. Branson |Q, and it is 
given for n > 5 by 

n - 4 



where 



divg (anScalgg + bnRiCg) du + 



(n- 2)2 +4 



^^^AgScalg 



2{n- l)(n-2)' 
n'^ — 4^2 + 16n 



n - 2 



16 



8(n-l)2(n-2)2 ^"""^s 



As for Pg, the operator Pg, n > 5, is conformally invariant; if g = {p^-'^g is a conformal metric to 
then for all ip e C°° (M) we have 

In particular, taking i/i = 1, it is 

(1) p;M^^q^^^. 

In this paper we continue to study the problem of prescribing Q on the standard sphere (5", h), n > 5. 
By equation (|l|), the problem can be formulated as follows. Given / g C^(§"), we look for solutions of 

(P) p^^u ^ '-^^ f u"^ , u>0, onS". 

On the unit sphere (§", h), n> 5, the operator P^ is coercive on the Sobolev space and has the 

expression 

P^W ^ Alu + Cn A/i U + dn U, 

where 

c„ = - n -2n-4, d„ = — — n (n^ - 4 . 
2 lb 

Problem (|^) is the analogous, for Paneitz operator, of the so-called Scalar Curvature Problem, to which 
many works are devoted, see |, §, @, §, §, M, [|o), |l6|, 0, [||, |§, Q, @, and the 
references therein. We also refer to the monograph [HI . 

Our aim is to give sufficient conditions on / such that problem (|^) possesses a solution. It is easy to see 
that a necessary condition for solving (|^) is that / has to be positive somewhere. Moreover, there are 
also obstructions of Kazdan- Warner type, see and pO| . 

In the fir st p art of the present work, [ p5) , w e est ablished a perturbative result, see for a particular case 
Theorem LI below. Before stating Theorem LI, we introduce some preliminary notation following [2^ . 
For P e §" and t e [1,-|-(X)) we denote by cpp^t the conformal map on S" defined as follows: using 
stereographic coordinates with projection through the point P, we set 

Let also G : M"+i be given by 

g(^—^p)=— [ if o ^p^t{x))xdv{h), 



where ujn denotes the volume on §" with respect to its standard volume dv{h). 

Theorem 1.1 There exists e{n) > 0, depending only on n, such that ( |^ ) admits a solution for all 
f G C°°(§") satisfying 

(ND) Ah f{q) + whenever \7f{q) = 0, 

and 



n (n^ - 4) 



L~(S") 



8 

deg (G, {(P, i) G §" x (l;+oo),t < to},0) ^ for to large enough. 
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Our main goal in this second part is to perform a fine blow up analysis of equation (|^) and of its subcritical 
approximation. Then we take advantage of this study to derive some compactness and non-perturbative 
existence results for problem ( [p|) in lower dimensions. In order to describe the blow up analysis we need 
some preliminaries. 

Let ri C M" be a bounded smooth domain, > satisfy lim; — 0, qi — — Ti and {fi}i € C^{Q) 
satisfy 

(2) < fi{x) < Ai, for aU x £ Q, for aU i, 

for some positive constant Ai. Consider the family of equations 

Ti — 4 

(3) A^-u, = /,(a;)uf , >0, Aw, >0, x £ 



We recall that according to our notation 

n 

\^ 

Our aim is to describe the behavior of Ui when i tends to infinity. It is possible to prove, see Remark 
2.8, that if {ui\i remains bounded in L;^^(0), then for any a £ (0,1) Ui ^ u in Cf^'^{Vl) along some 
subsequence. Otherwise, we say that {ui\i blows up. In the following we adapt to this new framework 
the definition of isolated blow up points and isolated simple blow up points which were introduced by R. 
Schoen, |^ (see also Y.Y. Li, Let Brix) = {?/ e R" : \y - x\ < r}. 

Definition 1.2 Suppose that {fi}i satisfy (^, and {ui}i satisfy (^). A point y £ ft is called a blow up 
point for {ui}i if there exists yi — s- y, such that Ui{yi) — s- -\-oo. 

In the sequel, if y is a blow up point for {u^ji, writing yi ^ y we mean that, for all i, yi is a local 
maximum of Ui and Ui{yi) — + +cxd as i — > -\-oo. 

Definition 1.3 Assume that yi ^ y is a blow up point for {wi};. The point y £ CI is called an isolated 
blow up point if there exist r € (0, distijj, dfl)) and C > such that 

(4) u,{y) <C\y -y,\~^ , for all y £ B-{y,) n n. 

Let yi —^ yhe an isolated blow up point for {ui}i, we define Ui(r) to be (here \dBr\ is the n— 1-dimcnsional 
volume of dBr) 

(5) Ui{r)^-^—[ uj, r £ {0,dist{y,,dn)), 
and 

4 

u^{r) ^ ro^-^Uiir), r£ {0,dist{yi,dn)). 

Definition 1.4 An isolated blow up point y £ fl for {ui}i is called an isolated simple blow up point if 
there exist some g £ (0,f), independent of i, such that Ui(r) has precisely one critical point in (0, p) for 
large i. 

The study of equation (^ has the following motivation. Taking a subcritical approximation of (^, we 
consider 

n — A 

(6) PhV,-^h{x)vT v,>Q, onS"; 

n + 4 

qi = 7 - Ti, Tj > 0, Tj ^ 0. 
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After performing a stereographic projection tt : §" ^ M" through the north pole on S", equation (g) is 
transformed into 

77 — 4 

^^u,{y) = ^U{y)Myr<yY\ u,>Q, on R", 

where 

One can check that, under the assumption / > 0, if Vi satisfies (|^) and Ui is given by (0), then it must be 
Ui > 0, Aui > on R", so we are reduced to study equation (^). Deahng with the blow up phenomenon 
we will use the same terminology for both and Vi, taking into account the relation (^. 
Our main result regarding the blow up analysis for equation is the following. 

Theorem 1.5 Let n = 5,6, and assume that {fi}i is uniformly bounded in C^(§") and satisfy (^. // 
n = 6 we also assume that {fi}i is uniformly bounded in C^(§"). Let {vi}i be solutions of then 

||w,;||//2(g„) < C, 

where C is a fixed constant depending on n,Ai and the bounds of {fi\i (and also the bounds of 
{fi\i — ^)- Furthermore, after passing to a subseguence, either {vi}i remains bounded in L°°(S"), or 
{vi}i has only isolated simple blow up points, and the distance between any two blow up points is bounded 
below by some fixed positive constant. 

A fundamental ingredient in the blow up analysis is a Harnack type inequality for the above fourth order 
operator, proved in Lemma |2.5| . 

The blow up analysis can be specialized further in the case n ~ 5, yielding to a concentration phenomenon 
at most at one point for sequences of solutions of and also to a compactness result for solutions of 
equation (|^) under condition { ND ). 

Theorem 1.6 Let n — 5, and assume that {fi}i is uniformly bounded in norm and satisfy (^. Let 
{vi}i be solutions of (^). Then, after passing to a subseguence, either {vi}i is bounded in L°°(§") or 
{vi}i has precisely one isolated simple blow up point. 



Theorem 1.7 Let n = 5 and f € C^(§^) be a positive Morse function satisfying (ND). Then for any 
e > and any a £ (0, 1) there exist positive constants C = C{f, e) and C = C{f, e, a) such that for all fi 
with s < ^ < 1, any positive solution v of ( [p| ) with f replaced by f^^ = / + (1 — /i) satisfies 

C^^ < v{q) < C, for all q E ||w||c4,o(S5) < C. 



Using Theorem 1.7, we derive the following existence result. 



Theorem 1.8 Under the assumptions of Theorem LI, assume that the following condition holds, 

(8) (-1)"^^^"^ -1, 

xeCrit(f),Ahf>0 

where Crit{f) = {x € §"'|V/(a:) = 0} and m(f,x) denotes the Morse index of f at x. Then eguation (^) 
has at least one solution, and the set of solutions of ( [^ ) is compact in C^'"(§^). 
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The above Theorem is proved using a topological degree argument, following |l6[. Theorem 1.1 provides 



the initial step of a continuity argument, while the a priori estimates in Theorem 1/7 are used to verify 
the invariance of the Leray- Schauder degree as one moves along the parameter in the continuity scheme. 
Let us observe that formula (||) appeared first in |jl^ . 

In contrast with the case n = 5 where there is only one blow up point, see Theorem |l.6| , the cases n > 6 
can present multiple blow up points, just as for scalar curvature problem in dimension n > 4, see []lT| , 

In order to describe our results for n = 6, we introduce some more notation. 
Given f &C'^{S^), consider 

T={pen' : Vf{p) = 0} , 

= {p e S« : V/(p) = 0, A^fip) < 0} , 
Mf^{ve C^(§6) : V satisfies ® } . 

For po E let TTp^ : §^ ^ denote the stereographic projection with pole —po- In TTp^ -stereographic 
coordinates, we consider the function Jp„ : §^ — s- M given by 

(9) Jpoiy) = l mjf')' 

We note that the function Jp^ is singular at po and is a multiple of the Green's function of on S^. 
We recall that the Green's function for this operator with pole po is a positive function Gpg satisfying 
P^Gpp = Sp„. One can check the existence of such a function taking a multiple of Jp„, the uniqueness 
following from the coercivity of P^, see above. 

To each {p^, . . . ,p'^} C , k > 1, we associate a. kx k symmetric matrix M = AI{p^ , . . . ,p'') defined 

by 
(10) 

Let p — p{p^, ■ ■ ■ jp'^) denote the least eigenvalue of M. In particular, when /c = 1 it is 



Af„. = -15 — ■^"'^^'^ , if i ^ J. 



It has been first pointed out by A. Bahri, |8|, see also |l^, that when the interaction between different 
bubbles is of the same order as the 'self interaction', the function p for a matrix similar to that given in 
( p^ plays a fundamental role in the theory of the critical points at infinity. For Paneitz operator such 
kind of phenomenon appears when n = 6. 
Define the set A to be 

A = {/ G C^(S^) : / is a positive Morse function on §^ such that 
A^/ ^ on and p = p{p\ ...,?") ^ 0,V/, . . . ,/ G 

Let us observe that A is open in C^(S^) and dense in the space of positive function with respect to the 
C'^-norm. We introduce an integer valued continuous function Index : ^ — > N by the following formula 

Index(/) = -l + y y (_i)fc-i+i:,^^i™(/.f'^), 



^—^ p(p^l ,.-.p*fc )>0 

l<ii<i2<---<ifc<i 
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where m{f,p^^) denotes the Morse index of / at and / = card\J-^\. 
Now we state our existence and compactness resuh for n — 6. 

Theorem 1.9 Let n = 6 and assume that f (z A. Then for all a G (0, 1), there exists some constant 
C depending only on mings /, |j/||c'='(S6), minjF |A/i/|, mm{p{p^ , . . . ,p^) : p^^...,p^ G J-^,k > 2}, and 
there exists some constant C = C{C,a) such that 

(11) h-"-^' ii«iic^-(s^) 

for all solution v of equation ([^). Furthermore, for all R > max(C, C) 

(12) deg{v^{P]:r\fv''),OR,Q) = Index{f), 
where 

OB = ^ve C4'"(§6) : 1 < < i?, |lt;|lc4,„(s6) < i?| , 

and deg denotes the Leray-Schauder degree in C^'°'{S^). As a consequence, i/Index(/) ^ 0, then (g) has 
at least one solution. 

Theorem 1.9 is proved by using the following subcritical approximation of ( [^ ) 

n — 4 

(13) P;^u = ^—fu"^-^, u>Q, onS^, 

for T > small. Using the Implicit Function Theorem, similarly to and [Q, we find for any fc-tuple 
of points p^ , . . . ,p^ e with p{p^ , . . . ,p^) > a family of solutions of ( p^ ) highly concentrated around 
these points. Differently from the scalar curvature case, it is not immediate to check that this kind of 



solutions are positive: this fact is proved in Subsection 3.4, Using the blow up analysis we prove that the 
only blowing up solutions of ( [T^ ) are of the above type. Then by a degree argument, using the condition 
Index(/) 7^ 0, we derive the existence of at least one solution of (|^). 

We organize our paper as follows. In Section 2 we provide the main local blow up analysis for (^. In 
section 3 we prove a-priori estimates in iJ| norm and norm for solutions of equation (^) in dimensions 
5 and 6. Then we derive our compactness and existence results. In the Appendix, wc provide some useful 
technical results. 
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2 Estimates for isolated simple blow up points 

In this section we study the properties of isolated simple blow up points for equation (^). We first prove 
some Harnack type inequalities. In the following, given r > 0, i?^ will denote the open ball of radius r 
centred at in R", and its closure. 
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Lemma 2.1 For a e (0, 1], let — B^cr \ and A'^ — B2a \ Let g e L°°{A„), and suppose u 

is a positive solution of 

A^u = gu, Au > 0, in B^cr- 
Then there exists C — C{n, \ \g\\L'^{A„)) such that 

maxu < Cu(2a). 
K ~ 

Proof Set ^(y) = u{ay), y E B^. It is easy to see that ^ satisfies 

(14) A^ay)^^^9i^y)ay), ^(y) > o, Ae(y) > O yeB^. 

Set wi = W2 = A^. Then (wi,W2) is a positive solution of the following elliptic system 



(15) 



Awi ~ W2 in B^; 

Aw2 ~ (T^ gi'^y) '^1 ill ^3- 



For system (15), being a cooperative elliptic one, we can use the following weak Harnack Inequality due 
to Arapostathis, Ghosh and Marcus jsj 



(16) 

where C = C{n, ||5||loo(^ 



™^^yeB2\Bi W'i(y) < C'max*^ min^g^^^^^ wi(y), min^^^^^^^ W2{y) 

2 I 2 2 ^ 

™^^ye"B2\Bi ^2{y) < Cmax<^ miUyg-B^^jj^ wi(y), min^g-g^^^j^ W2{y) \ , 

On the other hand, averaging the first equation in (p^), we have 
-A^i{t)+W2{t) =0, Vte(0,3], 

which is equivalent to 

n — 1 . 

wi{t) + —i—wi{t)+w2it):^0, Vte(0,3]. 

Clearly, by the positivity of wi and W2 and by (|l^), the functions wi and W2 are superharmonic, so Wi 
and W2 are both non-negative and non-increasing. From another part, since ^ is a smooth function, wi 
and W2 are bounded near zero. Hence we can use the following Lemma 



Lemma 2.2 (Serrin-Zou, \3!\j) Let a he a positive real number and assume that y ~ y{r) > satisfies 

n — 1 

y{t) + —^y{t)+^[t)<Q Vte(0,a), 

with Lp non-negative and non-increasing on (0, a), and y hounded near 0. Then there holds 

y{t) > ct^ ip{t) Vte(0,a), 

where c — c{n). 

As a consequence, here, we have 

wi{t) > ct'^W2{t) Vie (0,2]. 

which implies that for i e [5:2] it is W2{t) < ci wi{t), where ci is a positive real constant independent of 
t. Hence, using ( [l6| ) and the superharmonicity of wi, we deduce 

max Wi < C max < min wi{r), min W2{r) f min Wi(r) < Cwi{2). 



B2\Bi 



■e[i/2,2] 



rG[l/2,2] 



re[l/2,2] 



This concludes the proof of Lemma 2.1, coming back to the original function u. 



From Lemma 2.1, we deduce the following Harnack Inequality. 
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Lemma 2.3 Let O C M" and g € L°°{fl), and assume that u is a positive solution of 

A^u = gu, Au > 0, on O. 
Then for every fl' CC Q.there exists C = C{n, ||(?||L°°(r2)i swc/i f/iai 



maxu < C minu. 



Proof Let a S (0, jlj(iisi(r2', Qfi)). First we claim that there exists a constant C — C'(?t-, ||5||l°°(o)) 
such that for every point xq S there holds 

(17) jnax u<Cu{xo). 



Once (y_7|) is established, the assertion follows by covering fl' with a finite number of balls of radius a 
starting from a minimum of u on Q' . Of course, the number of these balls can be chosen depending only 
on n, fl, fl' . 

Let us now prove (17). Consider the function z{y) = u{xq + y). Then it is clear that z satisfies the 
assumptions of Lemma 2.1 for a € (0, ct), and taking g{xQ + •) instead of g. Hence we deduce 

rnaxz < C(n, \\g\\LoaU2))z{2a), a G (0,ct) . 

Recalling the definition of z, and taking into account that z is superharmonic, we have 

nmxz < C{n, ||.g||L-(o))^(0) = C(n, ||.g||L~(i2)) '"(a^o)- 

This implies (|l^). ■ 

Remark 2.4 Let f be a positive functi on on S", and q G [1, ^^]- Let u be a positive solution of 
PJ^u = f u'^ on E>^ . It follows from Lemma \23i that upper bounds on u imply also lower bounds on u. 



Lemma 2.5 Let {fi\i satisfy (H), {ui\i satisfy and let yi ^ y E be an isolated blow up point. 
Then for any r £ (O, ^r), we have the following weak Harnack inequality 



u,{y) < C 



yeS2r(y.)\Sj(y.) 



1 



_ max {Aui{y)) <^C _ min 

yeB2r{y^)\Br(y,) T y <^ B ^Av i)\B r (y 



My): 



where C is some positive constant depending only on n, C, and supj \\fi\\L°°(B-{yi))- 

4 

Proof Set ^(y) = r^i^^ Ui{yi + ry), j/ e ^3. It is easy to see that ^ satisfies 



(18) 



f A^av) - ^ My^ + r y)ayY' v^b. 

> 



[Q<ay)<c\yr— 



y e S3, 
y e B^. 



The first inequality follows easily from Lemma 2.3. For the second one, it is sufhcient to use the above 
rescaling, ( p^ ) and Lemma 2.2. ■ 
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Remark 2.6 It is clear from the proof of Lemma that the conclusion remains true if instead of 
assuming that y is an isolated blow up we only assume (^. 

Proposition 2.7 Let {fi}i be bounded in Cl^^{fl) and satisfy Let {ui}i satisfy (|^), and let yi ^ y 
57 be an isolated blow up point for {ui}i. Then, for any Ri —f +oo and Si 0"*", we have, after passing 
to a subsequence of Ui (still denoted {ui}i, {yi}i, etc.), that 



Urijji) ^u^{u^{yi) ' • - (1 + fci I • l^)''^ 



^(52^.(0)) 



RiUi{yi) '4 



-00, 



^''^ere kf = 2n(n-l) (»+2) f^^V^)' 

Proof Consider 



Clearly 



£,t{x) ^ Ui{yi) Ui\Ui{yi) * x + yA V|x| < r . 
A2e,(x) = {u,{yi)-"-^ X + y^^ i^{xY^ \x\ <ru,{y,)'^. 

4 gi — 1 

" \x\ <rui{yi)^!~ . 



0<U^) <C\x\^ — , AC, >0 

It follows from Remark |2.6| and from the superharmonicity of that for r G (0, +00) we have for i large 

max ^i(x) < C min ^dx) < C ^i(0) = C, 
xedBrio) ~ xeaB,.(o) 



C — 

max AC < -^Ur) < C. 



so Ci is uniformly bounded in Cj^^{R^). For every r > 1, by Remark 2.6, we also have 
(19) 

Since the functions A^i satisfy the equation A(ACi) = fi{yi + ?'J/)C?% then from L^ estimates (see e.g. 
[ p8[ , Theorem 9.11) and Schauder estimates (see e.g. ||2^, chapter 6) {A^iji is bounded in C;^'"(R"). By 
the same reasons it follows that {Ci}i is bounded in Cj^'"(R"). 

Hence by the Ascoli-Arzela Theorem, there exists some function C such that, after passing to a subse- 
quence, 

A^C^ «^(lim,/,(y,))C^ 
,C>0, AC, >0, C(0) = 1, VC(0)=0. 

Since AC > 0, and C > 0, it follows from the maximum principle that C is positive in M". It follows from 
standard regularity arguments that C is C°° in R", so the result in Lin implies that 



1 + limfcJa;!' 



where — 



2n (ri-2) (n+2) 



fi{yi). Proposition 2.7 is now proved. 



4,Q 



Remark 2.8 It follows from the proof of Proposition 2.7 that, under the assumption that {fi}i is bounded 
in Cl^^{il,), if a sequence of solutions {ui} of (^) remains bounded in L'^^{n), then Ui converges in Cj 
along a subsequence. 
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Since passing to subsequences does not affect our proofs, we will always choose Ri — > +00 first, and then 
£i (depending on Ri) as small as necessary . In particular is chosen small enough so that yi is the 

only critical point of in < \y\ < Ri Ui{yi)~~^ , Ui{r) (defined after formula (|^)) has a unique critical 



point in ( 0, Ri Ui{yi) 4 , 2ei < (1 + k^R 



?2\ — 



and 



^(BaHjO)) 



Proposition 2.9 Let {fi}i G C'l^^{B2) satisfies (S) with = B2 and 



(20) 



|V/,(2/)| < A2, VyeB2, 



for some positive constant A2. Assume that {ui}i satisfies (^ with fl = B2, and let yi y €^ fl be 
isolated simple blow up point for {ui}i, which for some positive constant A3 satisfies 



(21) 



ly-yil^'-^uiiy,) <A3, yyeB2. 



Then there exists some positive constant C = C{n, Ai, A2, A3, g) (g being given in the definition of isolated 
simple blow up point) such that for Ri Ui{yi)'^ < \y ~ yi\ < 1 



(22) 



C~\,{y,y^ \y - y,\^-" < u,{y) < C u,{y,y^ \y - y,\ 



4 — n 



Furthermore there exists some biharmonic function b{y) in Bi such that wc have, after passing to a 
subsequence, 

u.,{y,) uM - Hy) = « + b{y) « c^b, \ {o}), 



where 



a — { lim ki 



Before proving Proposition 2.9 we need some Lemmas. 



Lemma 2.10 Under the assumptions of Proposition \2.!\ , except for (p0[), there exist 6i > 0, 6i 
0(i?~'^+°^^^) such that 



uM < Cu,{yi)-^^ for R^u^iy^y"^ < \y - y,\ < 1, 

where Xi — {n — A — Si) (^^^) — 1- 



Proof Let — RiUi{yi) '4 ; it follows from Proposition 2.7 that 



(23) w,(y) < Cu,(2/0^^", Au,(y) < Cu,;(2/,)^i?-"" for aU - y,| = r,. 

Let Ui{r) be defined as in (^); it follows from the definition of isolated simple blow up and Proposition 
2.7 that there exists g > such that 



(24) 



r'i^i Ui{r) is strictly decreasing for ri < r < g. 



Using (p3[), ( p4| ) and Lemma 2_^ we have that for all ri < \y — yi\ < g 

\y - y,\^^ u,iy) <C\y-y,\^u,{\y-y,\)<Cr^u,{r,)<CR; 



10 



Therefore 
(25) 



dyr-' = O \y - yr') for all n<\y-y^\<Q. 



Now we would like to apply Lemma 4.3 with D = {r,; < \y — yi\ < g}, and Li = L2 = —A, hn = 

/^12 = 1, h21 = ^f,uf'\ 

Take a e (^0, , and let 



By a direct computation, taking into account (|2^), one can check that 
(-Aifi + (p2 = 0; 



-Aip2 + ^nuf-' 



-a (2 + a) (n - 2 - a) (n - 4 - a) + O |y - y.l 



for Ti < \y — yi\ < g. It can be easily seen that with our choice of a it is —A (p2 + ^^^^.fi uf < 0. 
Now set 



Then there holds, again by (25) 



-A^2+'-^huf-^ = 



-5, (2 + 5,){n-2- 5,) (n - 4 - 6,) + O (i?r'^°^'^)] - y^\ 



for < — yi\ < g. So we can choose Si — 0{R^ 4+o(i)-j g^^j^ ^j^^^^ _^ ^ < 0. Now set 



|4— n+(5i 



where Mi — maxgs^ Wi, — {n — A ~ Si) (^^j^) — 1 and 71,72 > 0. It follows from the previous 
computations that we can apply Lemma 4.3 with (wi,W2) — (ipiTA-tpi) and (zi,Z2) = {ui,Aui) provided 
we show 



(26) 



Ui < il^i on d{{ri < \y - yi\ < g}), 
Aui<Aipi on 5({ri < |y - < £i}). 



For this purpose we observe that for |y — y,;| = it is ^i > 71 Mi, so if 71 > 1 we have 

ipt{y) > u.i{y) for |y-yj| = £1. 



Moreover, by Lemma 2.5 there exist C > such that 

maxAwi < Cui(g) < C Mi, 

so one can easily check that for some 71 > sufficiently large there holds 

A'^p^{y) > AM,(y) for |y - y,| = g. 
We observe that we have proved ( p6| ) on |y — yi| ~ g; for|y — yi\ — Ti, we have 

i'^iy) > 72 Myir^' rf~"+^\ 

But Ti — Ri Ui{yi) ~ so, taking into account the expression of we derive 

A{y) > 72 u,iy,) for \y - y,\ = n. 
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By Proposition ^.7[ it turns out that Ui{y) < C Ui{yi) " for \y — yi\ — ri, so it follows that for i large 

ipi{y)>Ui{y) ior\y-y,\^n. 

From another part, it is 

^^^{y) > 72 u,{y,)-^' (n - 4 + S,) (2 + S,) r^-^^^^ for \y -y,\^ r,, 
so from the expression of and from (^) it follows that for 72 large enough 

A'(/'i(y) > Aui(y) for \y - yi\ = r,. 

We have now proved (p6|), so it is: 

(27) u,{y) < ipi{y) for < \y - yi\ < g. 



Now, since yi y is an isolated simple blow up, taking into accoimt (24), Lemma 2.5 and inequality 
(p7|), we deduce that for ri < 6 < g it is 

M, < Cg^u,{g) < Ce^u,{e) 

< ce"-^ (71 Af, e-^ + 72 ■ 

Since we are assuming < a < ■;734, we can choose 9 independent of i such that 

-1 „ 1 



<2^ 



C71 el- 
and with such a choice it turns out that 
(28) M,<Cudyi)~^\ 

This concludes the proof of the Lemma for n < \y ~ yi\ < g] for g < \y — yi\ < 1, it is sufficient to use 
Lemma 2.5. ■ 



We recall that we have set t; — ^^^^ — o. 



Lemma 2.11 Under the hypotheses of Proposition 2.L we have 

n^0(u,{y,)-^-+<'^), 



and therefore 



u^iy^Y^ = 1 + 0(1). 



Proof Applying Proposition 4.1 with r = 1 we obtain 



n - 4 



2(9+1) ^Jb, 



C>fi qi + li 

Xi- — dx 

axi 



n — A I n n — 4 



fi uf^^ dx 



Bi 



n - 4 



fiuf^^da^ I B{r,x,u.yUi,\/'^Ui,\/^Ui)da. 
^{Qi + Ij JdBx JdBi 



From (pSD, Lemma |2.5| and from standard elliptic estimates, one can easily deduce that 

S(r,:E,u„Vu,VV, V^^Oda = O (u,(y,)-2+o(i) j , j f,uf+'da = O (u,(y,)-^+°(i)) 
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Moreover, using Proposition 2.7 and simple rescaling arguments we derive 





Hence it follows that 

This concludes the proof. ■ 
Lemma 2.12 There holds 

where I — „(„^_j_2) (linij ^j)"^ Wn-i and the convergence is in the weak sense of measures. 
Proof Take ?/; e C^(i?i); we clearly have 

Bl J Br^ J Bi\Bri 



Using Proposition 2.7 we deduce by simple computations 



(29) / u,{y,)ufi^^{^m + o{l))u,{y,) / uf ^Z^(O). 

'Br- JBr.. 



Moreover, by Lemma 2.10 there holds 



< C / (^,(y,)-^.U,_„.|4-"+5A''- 



Bi\Br. JBi\B^ 

(30) < Ci?r''^""'"''^"^(yO"'+°^^'^ = o(i)".(yO"\ 

so the conclusion follows. ■ 

Lemma 2.13 Let Wi : Bi ^ M. be defined as 

m{y) = Ui{yi) Au,{y), 
and let HBi{wi) denote the unique function satisfying 

^AHBAw^)^0 mBi, 
I (wi) = Wi on dBi. 

If we set Wi = Wi — Hsiiwi), then we have 

w,-^IGbA^^x) inL\Bi), 

where 

l = — (lim fiivi)] flim fc, | Ct;„_i, 

nin + 2) V i •''^i'^V V i 7 

and where Gbi denotes the Green's function of A in Bi under Dirichlet boundary conditions. 

13 



Proof It is easy to prove, using Lemma 2.12 and the Green's representation formula, that Wi(-) 
IGbi{0, ■) pointwise. We will prove that Wi is bounded in Wq''^{Bi) for q < Then the Lemma will 

follow from the Rellich compactness Theorem. 

Hence we are reduced to prove that Vwi is bounded in for all q < Let / G (L« (-Bi))", 

q' > n, and consider the problem 



f-Ai;==div/ mW-^'i'{Bi), 
This problem admits a unique solution v, which satisfies 

Moreover, since q' > n, v G C"(i?i) and 

(31) ll^^llco(S,) < < C' 

We can split / into 



/ = Vw + /i with div /i = 0; 



hence we have 







L 









\7wi -+ 


/ (div/i,w;j) 




/ Wv ■ 




JBi 




JBi 



Writing J^^ Vu • \7wi as J^^ Aiii v, we deduce , using (31) and Lemma 2.12 



< 



C"||«||co(i3,) <^^II/IIl.'(S,)- 



Hence by Banach-Steinhaus Theorem the sequence {wi}i is bounded in W^'"^ for all q < This 
concludes the proof. ■ 

Lemma 2.14 Let F : (0, 1) ^ M he defined by 

T{a) =lim( f Aui) ( f AuA . 

^ \J B^ / \JBi\B^ j 

Then, after extracting a subsequence if necessary, r(-) is well defined and satisfies T{t) > Vi G (0, 1) 
and r{t) -^0 ast^O. 

Proof Let Wi — Ui{yi) Am^. Since HB^iwi) is harmonic, by the mean value property, there holds 

»i 



HBt{wi) = UJn-lHi 



Bi\B„ 



where we have set 



1 



In particular recalling the definition of Wi, it follows that 



HbAwi)- 



(32) 











Jo 


JBi\B^ JBi\B^ 



14 



Now two cases may occur: the first is supj Hi < +00, and the second is hmsupj Hi — +00. We treat the 
two cases separately. 

Case 1 supj Hi < +00 

Taking into account (^2|) we have 

/ \ -1 / , \ -1 



m) \ Wi] = / w,+uJn^iHi / M / m+ujn-iH., / r" M . 

IB„ / \JBi\B„ J \JB„ Jo / \JBi\B„ Ja J 

By Lemma [j.l3 it is Wi ^ w — ^6*5^(0, •) > in L^{Bi) so, since up to a subsequence Hi H, T{a) is 



1 

ji-i \ 



r(a)= / w + LUn^iH / r"-M / w + uJn-iH / r 

\JB„ Jo / \JBi\B„ Ja J 

Case 2 hm supj Hi = +00 

Arguing as in the first case, taking into account the convergence of lii and the fact that Hi +00, we 
derive 

, —1 

»i 



-1 , _ , , , . -1 



hm ( / u;, I I / w,\ =[ I r"-i 



B„ / \JBi\B^ J \J0 



1 N -1 



So in this case T{a) is 

In both the cases, the function r(cr) satisfies the required properties, hence the conclusion follows. 

Lemma 2.15 Set Vi(y) =Ui{l)^^Ui{y). Then there holds 

V, ^ v{x) = ai + b{x) m Cl,{B^ \ {0}), 

where 

ai>0, v>Q, beC°°{Bi), A'^b = 0. 
Proof It is easy to see that Vi satisfies 

77 A 



We observe that by Lemma 2.10, u7(l) ^ so it follows from Lemma 2.5 and standard elliptic estimates 
(we note that tJi(l) = lasi^ +00) that {vi} converges in Cf^^{Bi \ {0}) to some function v which 
satisfies 

A'^v = 0, v>0, Av>0 in B2 \ {0}. 
Moreover v must possess a singularity at 0. In fact, since we are assuming that yi y is an isolated 

?^ — 4 

simple blow up, it follows that also v{r) is non-increasing for < r < g, which is impossible if v is 
regular near the origin. 

It follows from Lemma 4.5 that v is of the form 

v{x) ^ ailxf^"" + a2\xf-'' + b{x), 
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where ai, 02 > 0, and b e C°^{Bi) satisfies 6 = 0. Since v is singular at 0, it is ai + a2 > 0. Using the 
divergence Theorem and the convergence of Vi to v, we derive that for a G (0, 1) 

hm 1*^(1)"^ / Aui = / --^ = tj„_i a2 (n - 2) + Ocr(l), 
Jb„ JdB„ diy 



where Oo-(l) — > as cr— > 0. Using Lemma 2 .141 we deduce 



dv fa 

u;„_ia2(n-2) + o,(l)= / 



hmui(l) ^ 



Bi\B^ 



r((7) 



Aw. 



Since Au G i^(_Bi), letting ct — > we obtain 02 = 0, taking into account that T{a) ^ as ^ 0. 



Proof of Proposition |2^. Let be as in Lemma p.l5| . We prove first the inequahty (g2|) for 
I y — j/i I — 1 , namely we show that for some C > independent of i 

(33) C-^ <ul{l)u,{yi)<C. 

Multiply (H) by u7(l)~^ and integrate on Bi, we have 



(34) 



-|-(A.0 = \^^(1)-^ / h^. 
dBi oiy z jg^ 



where we have set, as before, Vi{y) = Ui{l) ^ Ui{y). Applying Lemma 2.15| , we deduce using the bi- 
harmonicity of b 

(35) lim / ''-^{Av,)= [ ^ (2 ai (4 - n)|x|2-" - A 6) = 2 ai (n - 2) (n - 4)w„_i > 0. 

* JdBi JdBi (JV 

From (|^ and (^) we deduce that 

(36) lim?I,(l)-M /, uf = 4ai (n - 2) w„_i > 0. 

» Jbi 

From another part, it follows from Lemma ^.12| that 

(37) \miui(yi) / fiuf ^ I {\m\ fi{yi)). 



Hence (|3^) and ( |37| ) imply (p3D. To estabhsh ( |22| ) for r.^ < \y — yi\ < 1, we only need to scale the 
problem and to reduce it to the case \y — yi\ — 1. In fact, arguing by contradiction, if there exists a 



subsequence {jjiji satisfying r,; < \yi - yi\ < p, and lim^ Ui{yi) Ui{yi) \yi - yi 



00, set fi = \yi - yi\, 



Ui{y) = {fi)ii-'^ Ui{yi + fiy). Then Ui satisfies all the assumptions of Proposition with the same 
constants and with instead of y. It follows from (|3^ ) that 



Vi - Vi 



< c. 



This leads to a contradiction, so we have (^). 

Next we compute the value of a. Multiplying equation (^ by Ui{yi) and integrating on _Bi, we have 



/ {uiiyi)Aut) 
JdBi ov 



71-4 
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It follows from the harmonicity of Ab that 



(38) lim / ~^{u,{y,)Au,) = - f ^ (2 a (n - 4) Ij/p"" - A 5(y)) = 2 a (n - 4) (n - 2) c^„_i. 



On the other hand, by Lemma 2.12, we have 
(39) 

■I 

It follows from (M) and (^) that 



Yan^^^—^ Ui{yi) [ fiuf ^^^^—^ Yira f,{yi)l. 



(^limfci^ 



The Proposition is established. 



Remark 2.16 As a consequence of Proposition 2^ we have that Lemma 2.11 can he refined to 

Ti = [uiiyiy^- 



To check this it is sufficient to repeat the proof of Lemma 2.11 and to use (E2[). 



We now state a technical Lemma, which proof is a simple consequence of Proposition 2.7, Lemma 2.11 



and Proposition 2.9. We recall that r^ = Ri Ui{yi) 4 
Lemma 2.17 Under the hypotheses of Proposition \2. % we have 



U^{y^y^^ (/r„ \z\' (1 + fc |^|2)^" dz + o(l)) -71 < S < n, 

\y - y^\" u^{y)''^+^ = <j O (u,iy,)-^ \og{u,iy,))^ s = n, 

o(ui{yi)~^'j s>n 



L 



Bi\B,. 



(uiiyiy^'j -n< s <n, 

\y - y,\' w,(y)«'+i = I O (u,{y,y^ log{ui{y,))^ s ^ n, 
o{u^{y^)-^^ 



s > n. 



where fc^ = (lim,; kif = 2«(n+2)(K-2) MVi)- 

Now we show that under some regularity assumptions on /.;, V fiiyi) is small for i large. 

Lemma 2.18 Letr e (0, g), assume that {fi}i is bounded in C^{Br{y)), and Ui satisfy equation (^). Let 
Ui ^ y ^ ^ be an isolated simple blow up point of Ui. Then 



|V/.(2/,)l = O [u,{y,)-—^ 
Proof Consider a cut off function ?/ G C^(i?i), satisfying 



\x\ > \. 
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Multiplying equation (||) by ?7§fj- and integrating by parts, it follows from Proposition that 



ft + 1 Jbi 9x1 



u] rj = 



Bi\Bi 



dxi 2 Jbi\Bi dxi 

4 

0(u.(j/.)"')- 



Therefore, taking into account the boundedness of {fi}i in C^{Bi) and Lemma 2.17 we have 

1 f g.+i dfi I f f dfi df, \ ,,+1 1 /■ df, g^+i 

ft + l Jsi dxi Qi + l Jbi \dxi dxi ) qi + 1 J Bi dxi 

Clearly, we can estimate 2 < fc < J^, in a similar way, so Lemma 2. IS follows immediately. ■ 

We notice that according to the above Lemma, if /,; — > / in C^{B-{y)), then y is a critical point of /. 
Proposition 2.19 Assume that {ui}i satisfies equation (|^) with n = 5,6, and 

i) if n — 5, {fi}i is hounded in Cl^^{B2) ; 

a) if n — 6, {fi}i is bounded in Cf^^{B2) ■ 
Let y he an isolated Mow up point for {ui}i. Then y is an isolated simple blow up point. 

Proof It follows from Proposition ^.7| that r '^-^ Mi(r) has precisely one critical point in the interval 
(0, Ti), where = Ri Ui{yi)^~^ , as before. Arguing by contradiction, suppose that y is not an isolated 

4 

simple blow up, and let fii be the second critical point of r''i-'-Ui{r). We know that > Vi and, by the 
contradiction argument, fii 0. Without loss of generality, we assume that yi — 0. Set 

^i{y) = i^t ' M^^^y) \y\<—- 

It follows from (||), the definition of isolated simple blow up and from the properties of /i^ that satisfies 



(40) 



[AH^{y)^f^{^^^y)UyY' \y\<^.^ 



\yV^-' Uy) < A:i 

\imi ^i(O) = +00. 



Moreover, by our choice of /i^ there holds 

4 _ 

r''i~^^j(r) has precisely one critical point in < r < 1, 
d 



where ^,(r) ^ js^A hsA' 

It follows that is an isolated simple blow up for Therefore, applying Proposition 2.9, there exist 

some positive constant a > 0, and some regular biharmonic function b{y) in M" such that 



(41) 



U^)Uy)-^Ky)^a\x 



4 — Tl 



h{y) in Qt(R" \ {0}). 



18 



We notice that h{y) is positive, and Ah{y) is non-negative. 

We now claim that b = c, for some c G M, c > 0. Indeed, we have that A b{y) is bounded from below by 
a fixed constant and is harmonic, so by the Liouville Theorem Ah = d, for some d > 0. We also remark 
that b{y) is bounded from below. Hence, if we consider the function l{y) = b{y) + ^ lyp, we have that 
l{y) is bounded from below in M" and is harmonic so, again by the Liouville Theorem, it follows that l{y) 
is constant. Since b is bounded from below, this implies that d = 0. Hence b{y) is an harmonic function 
in R" bounded from below, and so it must be a constant. 

4 _ 

The value of b can be computed as follows. Since, by our choice of /i^, 1 is a critical point of r n-^ £^^{r), 
we have that 



— lim ■ 



{r-^-'Ur)) |.=i = ^ I 



it follows immediately that 



b = a>0. 



Applying Propositions 2^ and LI to equation ( [40D we have, for any a G (0, 1) 



n - 4 



^M/v) '^{n - 4) 



2(* + 1) JdB. 



n - 4 



Multiply the above by ^^id send i to infinity, we have 

/ B(a,x,/i,V/i,V2/i,v3/i) ^ limf,(0)2 / x, C., V^, C„ 

JdB^ * JdB„ 



> lim 6 (0)2 



n - 4 



2(* 



Now we want to estimate the last expression. 

For n — 5, we recall that we are assuming that {fi}i is uniformly bounded in Cl^^{B2) and so, taking 
into account Lemma 2.17, there holds 



(42) 

It follows that 



E 



qi + l 



\x\C 



(43) 



B{a,x,h,Vh,V^ h,V^h) > limC,(0)2 — 
dB„ » 2(«7, 



n - 4 



For n = 6, we recall that we are assuming that {fi}i is uniformly bounded in Cf^^{B2); we proceed as 
follows. We have, using the Taylor expansion of fi at 



E 



B„ OXj 



< 



qi + l 



max |V^/,| 



2 (^g. + l 



Applying Lemma |2t| we have that |V/,;(0)| = O (Cj(0)" 
that /ii — > 0, we have 



, therefore using Lemma 2.17 



and the fact 



(44) 



B{a,x,h,Vh,V^ h,V^h) > lim ^,(0)2 — 
dB„ ' 2(g, 



n - 4 
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By Corollary |4.2| , we know that for tr > sufficiently small 

/ B{<j,x,h,\'h,V^hy^h)<0, 

JdB„ 

and this contradicts both (^) and (|4|) . This concludes the proof of the Proposition. 



3 Applications 

Once the local blow up analysis is performed, we can adapt to this framework the existence arguments 
developed in ||l6|| and in ]30t| for the scalar curvature equation. As remarked in the Introduction, the 
main difference with respect to the scalar curvature problem is to prove the positivity of the solutions 
involved in such a scheme. For n = 5, this is related to the estimates in pq], while for n = 6 this is proved 



in Proposition 3.6. The main ingredient of these arguments are the a priori estimates given in the next 
subsection. 

3.1 A priori estimates on §^,S^ 
Consider for n > 5 the following equation 



(45) 



PJiv-^ fix) = 
v>0, 

q=Il+j-r, 0<r<^. 



on S", 
on S", 



Proposition 3.1 Suppose f G C^(S") satisfies for some positive constant Ai 

1 



<fip)<Ai for all pes'". 



Then, for any < s < I, R > 1, there exist some positive constants Cg > 1, Cj* > 1 depending on 
n,e, R, Ai, \\f\\c'^ such that, if v is a solution of ( ^ ) with 

maxu > Co, 

then there exists I < k — k{v) < +oo and a set 

= {pi, . . . C S", p^=p^(v) 

such that 

(1) < T < e , 

(2) pi, . . . ,pk are local maxima of v and for each 1 < j < k, using y as some geodesic normal coordinates 

centered at pj , we have 



viOr'v{y{0)-'^y^-S,iy) 



C'*(B2r(0)) 



< e 



and 



B 



are disjoint balls. 



l<j<k 
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Here 

is the unique solution of 

\5j>0, (Jj(0) = l, V(5^(0) = in 



and 

~ 2n(n + 2)(n-2) 

(3) v{j)) < CI {dist{p,S{v))}~^ for all p G §" , and dist{p„pj)^v{pj) > . 
Proof This can be proved by quite standard blow up arguments, using the results of ||3|], see |Q. ■ 

Proposition 3.2 Let n — and assume that f £ C^(§") satisfies, for some positive constant Ai 

-^<fip)<Ai VpGS". 

If n = 6, we also assume that f is of class on S". Then for every e > and R > 1, there exists some 
positive constant 5* > 0, depending on n,e,R and ||/||ci (o,nd also on H/Hc^ = 6j, such that for any 
solution V of ( p5| ) with maxgn u > Cq we have 

\Pj — Pi\^ ^* for all 1 < j ^ I < k, 



where Cq, pj = pj{v),pi — piiy) and k — k{v) are as in Proposition 3.1. 

Proof Suppose the cont rary , that is for some constants £,i?, Ai there exist {fi] satisfying the 

assumptions of Proposition |3.2| and a sequence of corresponding solutions Vi such that 

lim min \pj ~ pi\ =0. 
Without loss of generality, we assume that 

(46) \pi{vi) -P2{vi)\ = min \pj{vi) ~ pi{vi)\ -> 0. 

Since B gj-i (pi) and B -IlzI (-P2) are disjoint we have by (EbI) Wi(pi) — > +00 and Vi{p2) — > 

+00. 

Performing a stereographic projection with pi as the south pole and using formula (0), equation (^) is 
transformed into 

(A'^u^^^f{x)H{xy^uf onR", 

(47) <v>0 onM", 

Let us still use p2 G M" to denote the stereographic coordinates of P2 G and set = \p2\ ^ 0. For 
simplicity we assume that p2 is a local maximum of ut. It is easy to see that 



(48) cr, > max I i?Wj(0) \ R Ui{p2) "'^ ' | 
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Wiiy) 



Set now 

It follows that Wi satisfies 
(49) 



Notice that by Proposition 3.1 there holds 



Uii^iy) \y\ < 




2 fi<^ty) H{aiyy^ wf 



\y\<7- 



(50) v,iy) 

(51) v,iy) 
It is not difficult to see, using (p 



< 



< 



Ci\y 
Ci \y-P2 



for aU \y\ < ^cti 



for aU \y~P2\ < 2 



and the last estimates, that 



w^{0) > C2, 
\y- \P2\'^^P2\~ w,{y) < Ci 



limi Wi{\p2\ ^P2) > C2, 



\y\< 



\y - \P2 



P2 



< 



We first show that 
(52) 



i(0) 00, Wi{p2\p2\ ^) 



If one of these sequences tends to infinity along a subsequence, say WiifS) 00, then is an isolated 
simple blow up. Therefore Wi{\p2\~^P2) must tend to infinity along the same subsequence, since otherwise, 
using (^o|), it is easy to pro ve t hat {wi) is uniformly bounded near \p2\~^P2 along a further subsequence. 
In turn, using Proposition 2^ and the Harnack Inequality we obtain that Wi tends to uniformly near 
|P2|~^P2, which is impossible. On the other hand if both u;i(0) and Wi{\p2\~^P2) stay bounded, Wi will 
be locally bounded and will converge in Cf^^ to some function having at least two critical points, which 
violates the uniqueness result of C. S. Lin |3l|| . We thus established (|5^). 

It then follows from Proposition 2.19 that and q — lim^ |p2|~^P2 are both isolated blow up points 
for Wi. Hence by Proposition ^.19 they arc indeed isolated simple blow up points of Wi. 
We deduce from property (3) in Proposition 3.1, (^6[), Lemma |2^ and Proposition that there exist 
an at most countable set iSi C M" such that 

min{\x-y\ : x,y <E Si} > 1, 

\imw,{0) wM = h*{y) in CL(R" \S{), 

h*{y)>Q, Ah*iy)>0, A'h*iy)=0 yeR"\5i, 

and h*{y) must be singular at and 'dtp — lim^ |p2|^^P2 {0,P G ^i). Hence for some positive constants 
ai and 02 it is 

(53) h*{y)=ai\y\'-^ + a2\y-q\ 

where b*{y) : R" \ {Si \ {0,p}} satisfies 

A'^b*{y) = 0, liminf 6*(y) > 

lyH+00 



+ b*{y) yeR"\{5i\{0,p}}, 



liminf Ab*{y) > 0. 



The maximum principle, applied first to Ab*(y) and then to b*{y), yields b*{y) > in M" \ {Si \ {0,p}}. 
Hence the conclusion follows from ( p3| ) , reasoning as in the proof of Proposition |2.19| . ■ 

Proof of Theorem L5 Proposition ^ and statement (3) in Prop ositi on 3.1 imply that the blow up 
points are in finite number and are isolated. Hence by Proposition ^.1£ they are also isolated simple. 
Then the conclusion follows from Proposition 2.7 and Lemma 2.17. ■ 
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3.2 Existence and compactness results on 

This subsection is devoted to the proof of our existence and compactness results on . The first ingredient 
is the fact that there is at most one blow up point; this is the content of Theorem 1.6. 



Proof of Theorem 1.6 Assume the contrary, namely that {vi} has p^,p^ G S", ^ p^ as blow up 
points. Let p\ ^ p^ , pf ^ p^ be local maxima of Vi as before. Without loss of generality, we may assume 
that p^ 7^ —p^- We make a stereographic projection with p\ being the south pole. In the stereographic 
coordinates, it is = and we still use the notation for the projection of those points. According 

to (0), equation (^) becomes 



n A 



As before we can assume that p| is a local maximum of Ui. We recall that, by Proposition 3.2 , the number 
of blow up points is bounded by some constant independent of i. Therefore, reasoning as above, there 
exist some finite set ^2 C M", 0,p^ G 52, some constants ai,A>0 and some fmiction h{y) E C^(M" \ ^2) 
such that 

limu,(0) u,{y) = h{y) in CL(M" \ ^2), 
h{y) = ai \y\'^-'' + A + 0{\y\) for y close to 0. 



It follows from the proof of Proposition |2.19| that for any < c < 1, we have 

limu,(0)2 / yV(/,i/,[')uf+i =0. 
* Jb„ 



From Corollary 4.2 we obtain a contradiction as before. Theorem 1.6 is therefore established. ■ 

Theorem 3.3 Let n = 5,6, and assume that f G C^(§") is a positive Morse function which satisfies 
(WD^. Let {fi}i be a sequence of Morse functions converying to f in C^(§"), and let Vi he a solution of 
(F|) with f — fi- Then, after passing to a subsequence, either Vi stays bounded in L°°(§"), or has at least 
two blow up points. 

Proof Suppose by contradiction that Vi has precisely one blow up point go- Making a stereographic 
projection with q^ being the south pole, the equation is then transformed into 



(54) 



— My) Uiiyy-*^ , Ui>o, Aui>Q 



Here we have identified fi with its composition with the stereographic projection. We know by Theorem 



1.6 that j/i ^ is an isolated simple blow up point for Ui. It follows from Lemma 2.18 that 

|V/.(2/.)l - O (u,{y,)-^- 



We can suppose without loss of generality that go is a critical point of ff. hence, from the uniform 
invertibility of fi in qo we deduce that 



(55) 



Let ^ = lim,; Ui{yi)"-'>^yi, and let Q{x) = {D^f{0)x,x). By means of (q5|), following the computations in 
pOl, pages 370-373, we deduce that ^ and Q satisfy 



(56) 



Vg(x + y,)(l + fc|zn-" = 0. 
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(57) 



{z + OVQ{x + y,){l + k\z\') 



2\—n 



It is easy to see that (|56| ) and (^Tj) contradict the hypothesis ( ND ). ■ 

Proof of Theorem 1.7 It is an immediate consequence of Theorems 1.6 and 3.3. 



Proof of Theorem |1.8| For ^ e [0, 1], consider the function defined by 

/^=^/ +(1-^)1^. 

Let a e (0, 1) be fixed. By Theorem |1.7| , for every fiQ G ]0, 1[ there exists a positive constant C'{fio) such 
that every positive solution v of (^) with f — and /i > Mo satisfies 



(58) 



<v<C{hq), ||w||ci.°(s=) < C'(mo)- 



Using the L°° estimates in ||2^, we can follow the arguments in [|6| (Section 7) to check that for /ip 
sufficiently small there holds 



1 



<v<Ci^Io)},0 =(-!)" de; 



Under assumption (||), it follows that deg(/g„ / o Lpp i{x) x, B, O) ^ 0, see p^ . 

By Theorem 1.7, u — {PjD^^i'^ //^ |u|^u) is different from zero on the boundary of | ^ v < C(/z)| 
hence, from the homotopy property of the degree, we have also 



degc 

This concludes the proof. 



<v<ci^I)},o ^0. 



3.3 Existence and compactness results on 

This subsection is devoted to prove the existence and compactness results on S^. Similarly to the four 
dimensional case for scalar curvature, there could be solutions of (|^) blowing up at more than one point. 
In the following Proposition, we give necessary conditions for solutions to blow up, and we locate their 
blow up points. 

Proposition 3.4 Let f G C^(§^) be a positive function. Then there exists some number 5* > 0, depend- 
ing only on minge / and \\f\\c^(se-^, with the following properties. 
Let {qi} satisfy qi <h, q^^ 5, {fi}i € C^(S'') satisfy fi^fin C^(§''), Vi satisfy 

(59) Pl^v.^fvf, >0 onS^ 

and limsupj maxge Vi — +oo. Then after passing to a subsequence, we have 

i) {vi\i has only isolated simple blow up points {p^ , . . . ,p^) G J-\J-^ {k > 1), with \p' —p^\ > S* Vj 7^ k, 

and p{p^ , . . . ,p^) > 0. Furthermore p^, . . . ,p^ G T'^ if k >2. 

ii) Setting 

h = fip'Y^ limt;.,(p-) (wi(p-))"\ := limr, u,(p^)^, 
where pj p' is the local maximum ofvi, there holds 

AjG]0,+oo[, e[0,+oo[ Vj = l,...,fc. 
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in) When k — I 



when k > 2 



(60) 



k /— 

J2Mi,Xi^4.^X,f,^ Vj = l,...,fc. 

1=1 



iv) ji^ £ ]0, +oo[ yj = l,...,kif and only if p{p^, . . . jp'^) > 0. 
Proof Assertion ii) follows from Proposition 2.9, Lemma 2.5 and Remark ^.16 , From another part, it 



follows from Proposition 3.2, Proposition 2.19 that Vi has only isolated simple blow up points , 
T ik>l) with |pJ -p^\>S* {j ^ /) for a fixed S* > 0. 
Let p] —> p^ be the local maximum of Vi for which Vi{pl) 
with south pole p] , equation (p9) is transformed into 



-oo. Making a stereographic projection 



By our choice of the projection, is a local maximum for all uf, moreover, it is clear that is also 
an isolated simple blow up point. We can also suppose that none of the points {p^, . . . ,p'^} is mapped 
to +00 by t he stereographic projection, and we still denote their images hy p^, . . . ,p^. It follows from 
Proposition |2.9| that 



inCf 



loc \ 



\ {/,...,/}), 



(61) u^yi) u^y) ^ {y) := 8V6/(p^")-^ bl"' + V {v) 

where V is some biharmonic function in \ {p^, . . . 
Coming back to Vi we have 

limi,,;(pi) v,{p) = 4V6 /(p^r^ Jpi {p) + b\p) in \ {P^ ■ ■ ■ ,p'}), 

where is some regular function on §^ \ {p^, . . . ,p^} satisfying W =0. 

If fc = 1, then = while for k > 2, taking into account the contribution of all the poles, we deduce 
that for all j = 1 , . . . , A; it is 



\imvi{pl)vi{p) = 4\/6 < "^'^^J^ + lim — 



Vi{p'{) Jpi{p) 



(pi) vW) I ' 

where the convergence is in C;'*q^(§^ \ {p^ , . . . ,p''}). In fact, subtracting all the poles from the limit 
function, we obtain a regular function r : ^ M for which P^r = 0; by the coercivity of on i?|(§^) 
it must be r = 0. 

Using the last formula, we can compute the exact expression of h^{y), which is 



(62) 



h^{y) = 8V6/(y r5 |j/|-2 + 16V6 y lim 



Oi\y\). 



Hence, using (|62|) and Corollary 4.2, we deduce that 



lim / B{a,x,h^,Vh^,V^h^,V^h^)^~3{2^)uj5y^lim 

JdB„ 



. Vi{p'i) JpXP') 
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From another part, it follows from Propositions 4.1, 2.7 and Lemma 2.11 that, for any < tr < 1 



dB„ 5 /(pJ)2 15 V/P) 

From the last two formulas, using the expression of /i; and A;, we obtain 



-15 ( E -^^^A, 1 + = a4 A,. 



We have thus established (k30D: in particular when fc = 1 we obtain n = — - - , 



1 _ ^hf(p ) gQ have deduced 



III 



It follows that ^ J- \ J- , yj = 1, . . . , k, and when fc > 2, g Furthermore, since Ma > 0, 

and Mij < for i 7^ j, it follows from linear algebra and the variational characterization of the least 

eigenvalue that there exists some x = (xi, . . . , Xk) 7^ 0, x; > V^, such that J2'j=i ^ij — P^i- 
Multiplying ( |60| ) by Xj and summing over j, we have 

P E Aj = E ^'^^o Aj a;/ = 2 — E Aj Xj p.^ > 0. 

It follows that p > 0, so we have verified part i). Part iv) follows from ■ 



Now we perform the following construction, needed in the proof of Theorem 1.9. For a € §^ and A > 0, 
let ipa,\ : §^ ^ be the conformal transformation defined in the introduction, and let 

Sa,xix) = |detd(pa,A-i|^- 

For all the choices of a and A, the function 5a, \ satisfies P^Sa.x = 24(5^ jj^. We consider the following 
scalar product and norm on iJ|(§^) which is equivalent to the usual one, see j24|. 



{u,v) = / {P'hu)v, \\u\\ = 



Set for r > small 



2 Js6 6 - r Js6 

Let p^, . . . ,p'' e be critical points of / with p{p^, . . . > 0. For £0 small, let V^g = Vsg{p^ , . . . G 
R*: X R*: X (§6)fc be defined by 



6\fe 



(a. A, a) G R+ X R* X (S") 
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< £0, \ai -p'\ < £0, Aj > — ,i = 1, 

£0 



It follows arguing as in ]lO| , that there exists £9 > small, depending only on minge /, and ||/||c'2(S8), 
with the following property. For any u E i?|(S^) satisfying for some (a. A, a) S Vfo the inequality 



< ^ , we have a unique representation 



u = '^aiSa,,\, +v, 



i=l 
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with {a, A, a) G V^p and 
(63) 



dS 



Denote by E\,a the set of w e iJ|(§^) satisfying (|63|). It foUows that in a small neighborhood (independent 
of t) of |X]iLi ^Qi.Ai : (a, A, a) e ilfii I , (a, A, a, w) is a good parametrization of u. For a large constant 
A and for a small constant wq, set 

= I],(pi,...,pfc) = {(a,A,a,w) e X i7|(§6) : 

|a» -Pil < VT^|logT|,74"^ < A,^^ < ^77,?; e Ex,a, \\v\\ < vq}. 

Without confusion, we use the same notation for 

= L = ^a,(5a..A, +v : (a, A, a, e E, | C i?2(g6)_ 



From Proposition 3.4 and Remark 2.4, one can easily deduce the following Proposition. We recall that 
we have set 



Proposition 3.5 For f Cz A, a g]0, 1[, there exist some positive constants vq << 1, A » 1, R >> 1, 
depending only on f such that when t > is sufficiently small, 

ueOnU [^r{p\ ... e p{p\ .../)> 0, > l}, 

for all u satisfying u G i?^(S^), u > and I'^(u) — 0. 

If / e -4, we can also give sufficient conditions for the existence of positive solutions of = 0. 

Proposition 3.6 Let f £ A, vq > be suitably small and A > be suitably large. Then, if p^ , . . . ^p'^ G 
J-^ with p{p^ , ■ ■ ■ ,p^) > 0, and if t > is sufficiently small, the functional It has a unique critical point 
u inT,r- In the above parametrization, we have w — > as t ^ Q. 

This function u is positive, and as a critical point of 1^ it is nondegenerate with Morse index 7k — 
T^^j=i'^{f tP') ' where m{f,pP) is the Morse index of K at p> . 

Proof The proof of the existence and uniqueness of a non degenerate critical point is based only on the 



study of Ir is E^- and this can be performed as in |30 , see also |ll), so we omit it here. We just remark 



that it uses a local inversion theorem, which can be applied by the properties of the spectrum of the 
conformal laplacian on Since the spectrum of P," possesses analogous properties, see Theorem 
2.2, we are indeed in the same situation from the variational point of view. 

Differently from the scalar curvature case, the proof of the positivity is more involved, and we perform it 



in Subsection 3.4. This difficulty arises from the fact that we cannot use as a test function the negative 
part of u. ■ 

When the number r is bounded from below, we have also the following compactness result for positive 
solutions. 

Proposition 3.7 Let f e C^(S^) be a positive function, < tq < r < 4 — tq. There exist some positive 
constants C and 5 depending only on tq, min§6 /, and ||/||c2 with the following properties 
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i) {u £ -ff|(SS) : u > a.e., I!,{u) = 0} C Oc, 

a) setting Oc,s = {u e H^iS^) : 3v e Oc such that \\u - i;||^2 < S}, it is 1'^ ^ Q 



do. 



c,S, ana 



(64) 



de^i {u - {P^)-\f \u\'-^u),Oc,5, 0) 



Proof Property i) is a consequence of the nonexistence results of |3l| and of Remark 2.4. The fact 

that 7^ on dOc.s is a consequence of the L°° estimates in [|5), see e.g. Lemma 4.9 there. 

In fact, having uniform estimates from above and from below on the positive solutions of = 0, it is 

possible to prove (subtracting the equations) that solutions u of P^u = f u which are close in 

to elements of Oc are also L°° close. Hence they are positive and still contained in Oc- 

About the computation of the degree, consider the homotopy ft = tf + {1 — t)f*, with /* = x"^ + 2, recall 



that = {x e 



= 1}. It follows from the Kazdan- Warner condition, see the Introduction, that 



there is no solution of (|P|) with / = /*. Therefore we only need to establish (|f 
This follows from Propositions 3.4, 3.5 and 3.6. ■ 



for /* and r very small. 



Proof of Theorem 1.9 The norm inequality in (11) follows from Theorem 1.5. Suppose by contradic- 
tion that the second inequality is not true; then there exist solutions Vi blowing up at , . . . G §^ , and 
these are isolated simple blow up points. It follows from Theorem 3.3 that fc > 2: taking into account 
that f G A and fi^ — for all j (n = 0), we get a contradiction by Proposition 3.4 iv). Hence ( pT| ) is 
proved. 

Using Proposition |3.5| , ([ll| ) and the homotopy invariance of the Leray-Schauder degree, we have 



(65) 



deg{u^{Pj:)-\f\u\''u),OR,0) = degiu-{Pi:)-'{f\u\^--u),OR,0). 



By Propositions and for suitable values of t, A and vq we know that the positive solutions of 
I'^ — are either in Or or in some T,r, and viceversa for all , . . . g with p{p^, . . . ,p^) > 0, 
there is a nondegenerate critical point of 1^ in E,- which is a positive function. This gives a complete 



characterization of the positive solutions of ( 45 ) when r is positive and small. 

Let C and S be given by Proposition 3.7. It is clear that if C is sufficiently large and 6i is sufficiently 
small, then Or^Si Q Oc,5- By Proposition lO, (p3) and by the excision property of the degree, we have 



(66) 



degH2{u~{Pi:)-\f\u\^-^u),OR,s^,0)^liidc^if). 



As in the proof of Proposition 3.7, one can check that there are no critical points of 1^ in Or^Si \ Or, 
hence Theorem B.2 of [Eol Part I applies and yields 



(67) 



degH2{u-{P;:)-\f\u\^-^uhORj,,0)^deg{u~{P;:)-\f\u\^-^u),OR,0). 



Then the conclusion follows from (65), (pq) and (pA). The proof of Theorem is thereby completed. 



3.4 Positivity of the solutions 



In this subsection we prove the positivity statement in Proposition 3.6. We define the operator Lh to be 
LhU = Au + ^ u, and we consider the problem 



(68) 



Liu 



on 



where g e LP(§"), for some p > 1. From standard elliptic theory there exists an unique weak solution 
u S H^{S"), and moreover 

(69) \\u\\HP<C{n,p)\\g\\p, 

for some constant C{n,p) depending only on n and p. We recall the following Proposition from p5[. 
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Proposition 3.8 Let q e L°°(S"), r e L"(S"), for some s > 1, and let 1 < p < Suppose 
u € i?|(§") is a weak solution of the equation 

(70) Llu = q\uY'-^u + r o«S". 

T/ien for all s > 1, there exists a positive constant (3n,s depending only on n and s, such that if 
||(?|?/|2"-2||^„^^^^ <^^_^^ thenueL'iS'^), and 

\\u\\,<C{n,s)\\r\\,, 
where C{n,s) is a constant depending only on n and s. 
We are going to prove the following Proposition. 

Proposition 3.9 Lei fc e N, oi, . . . , Ofe e S", ai, . . . , afc € (0, +oo), A > 1,7 > 1, and let f £ C(S") be 
a positive function. Suppose that 

(71) A-W^<X,<At^ i^l,...,k, re(0,To), 

(72) j^-J_rf„ /(a^)+o(l)^ ' as t ^ 0, 
and suppose u is a solution of 

77—4 s 

p;^u^^f{x)\u\—^-^u onS", re(0,ro), 

with 

k 

(73) u — Ui Sai,\i + Vt, Vt ^ in ij|(§") as r — + 0. 
Then u > for r sufficiently small. 



As an immediate consequence of Proposition 3.9 we have a complete proof of Proposition 3.6 



Now we come to the proof of Proposition |3.9| . We are dealing with a solution u of the equation 

T7 — 4 

(74) pnu=^f{x)\ur'u onS", 

where p — ^^3^ — t. It is convenient to perform the conformal transformation (pa,\i on S", which induces 
naturally the isometry T^^^^ : -ff|(S") -ff|(S") given by 

n — 4 

^Va.Ai • \ det cpa,\i\~ U O ipa^X-^. 

Setting u — T^^^ ^^u, using ( |7^ ) one can check that 

A; 
i=2 

where C +cx3 and r,- ^ in iJ| as t ^ 0. Moreover, by the conformal invariance of P^^ 

M is a solution of 

PhU = /((p,,,;,, (x)) ,5,-^^^ \ur' u on S". 
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Now, writing u — ai + w, it is sufficient to prove that 

(75) w > ——ai, for t small enough. 

In fact this implies that u > and hence u > 0. 
By a simple computation we obtain that w satisfies 

L\w — (t>r{x^w{xy) in S", 

where 

n — 4 

(l)T{x,t) = ^ f{ipaiM{x)) I"^! + (o^l + t) + - dn Qfi, 

with p ^ ^ - r, and e„ = ^ - d„ > 0. 

Setting / — 4>r{x,w(x)), we denote by wi and W2 the solutions of 

where /"*" = max{/,0} and f~ ~ — min{/,0}. By the maximum principle, we have wi > 0, 1/72 < 0; 

moreover, it is clear that wi + W2 — w. 

Inequality ( [75| ) is proved if we are able to show that 

(76) ——ai for r small. 
In order to do this, we set 

S = {x e §" : f{x) < 0}. 

We notice that cj)r{x, 0) is uniformly bounded on S", and ^{x, t) > 71 for a fixed 71 > 0, hence we have 

(77) x€E =^ w{x) < C, 

where C is a fixed constant. 

Fix a small e > 0, and consider the sets 

= 2 n {x e S" : -e<W2< 0}, 9^ = S n {x € : W2 < -e}. 

Lemma 3.10 Let > be a small fixed positive number. The following properties hold true 

i) ||u'||L°°(Oe) !i C; for some fixed constant C ; 

ii) in Q^, it is < C^, for some constant depending only on e ; 
Hi) \\w\\ 2n ^ as T — > ; 

if') I/I < Ci + (^2 \w\ , for some fixed positive constants Ci and C2 ; 



v) for any rj > 0, the function (/)T-(x,t) satisfies the following properties 

a) (prix^O) uniformly on §" \ _B^(— ai) , 

b) \(j)Tix,t)\ < \(I)t{x,0)\ + C (^\t\ + 1^1 , for some fixed constant C . 
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Proof Property i) follows easily from ( |77| ) and from w = wi + 'W2 > W2 > —e > —I in Q,, (we 
can suppose e e (0, 1)). Property ii) follows from the inequality |i(;2| > e in Q^: in fact, in S we have 
wi < C + W2, and hence we deduce immediately 

H ^ kil + kzl ^ C + 2\w2\ ^ C 



\W2\ 



\W2\ 



\W2\ 



Property Hi) follows from ( |77| ) and Q ~^ +00. Properties iv) and v) are very easy to check, we just notice 
that for v) — a) we use S~^^^ — > 1 uniformly on because of ( |7l| ) and (^. ■ 

Before proving (|7^), we first show that W2 tends to zero in iJ|(S"). From now on we write 5^ for 

Lemma 3.11 We have 

in particular, fixed e > 0, |0e|^O ase— >0. 
Proof We write 

(78) LIw2^ xsf ^ XsXB^ f + XsXS'-\B^ f- 

InEn we can use property iv) above, so we deduce 



XS XB^ f 



< 



B„nE 



< C IB 



Since by Hi) we have ||i«||^_2n^^„^ — > as r — s- 0, we obtain 



(79) 



Xs XBr, f ^j2^ = On{l) + 0^(1) for 77 and r small. 



We also have, by property v)-b) 



XEX%-\B,f\<Cr + C (1 



Tl + 4 



and hence 



< C 



Using Hi) and we deduce 
(80) 



inSn(§"\B^) 
|0,(x,O)|^+ / {\w\ + \w\^- 



Xb. XS"\-B„ / 



as T ^ 0. 



From (|79|), (|80| ) and the arbitrariness of r/ it follows that lim^^o IIxh/||^^i!j = 0. So the Lemma is a 



consequence of ([78|), (|69|) and the Sobolev embeddings. ■ 

Now we come to the conclusion, namely we prove (|76|). We consider the function / separately in the 
three sets 9^, n and D (S" \ B^). 
In 0£ we have, using property iv) 



\fix)\<Ci+C2\w\— <C 



1 + 

\W2\^ 
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So, since x ^ &e, from ii) it follows that 

(81) f{x) = ge,T{x) \w2\^W2 in 6^, and |ge,r(a;)| < C^, 

where is a positive constant depending only on e. 
By (l?^), i) and iw), we have 

(82) !/>)!< c xeB^nr!,, 

for some fixed positive constant C. 

Moreover for a; € fie it is w(a;) > e hence, fixing ry > 0, we have by v) — a) 

(83) -hl^ < f{x) < a; e (S" \ B„) n 1]^, 

where /i^ ^ is a positive constant which tends to zero as (e, r) 0. 
Hence, taking into account (|l|), (82) and (|83| ) we have 



(84) Llw2 = xe._ 9e,r{x) \w2\'^-'W2 + fix), 

where 

\\9eAL-<Ce, \f{x)\<h'l, + CxB,ix). 

Now we fix a > ^ and s > a, so in particular it is s > a. Since W2 — > in as r ^ 0, by Lemma 
it turns out that \\xe^ge,T{x) |w2|"^||^f — > as t ^ 0. We can apply Proposition ^^S] and we 



3.11 



deduce that 

(85) \\w2\\s<Cin,s)\\f\U. 
The last norm can be estimated as 

(86) \\f\\s<(^J^Jhl^ + CxBSy' <C iWhlJ^ + rj'i). 

Applying ( p^ to equation ( p4[ ) and using the Holder inequality and the Sobolev embeddings we derive 

(87) \\w2\\o.<Cin,a) (||xe. 5e,r ^2!^ lU + C,,. ||/||.) . 

Let P — > 1, and let p' be the conjugate exponent of p: using the Holder inequality we have that 

(88) \\Xe.ge,r\w2\^^\U<(^(^Jjw2\'y {jjde.rr'Y^ < \\w2\\r . 

From ( ^7| ) and (^) it follows that 

1^2 II 00 < C{n,a)C^P' \\w2\\r |e,|^ +C(n,a)C„,3||/|U. 
Hence we have by and (|8^ ) 

\\w2\\^<C{n,s,a) (Cf {\\hl^\\oo + V^)"^ |e,|^ + (||/.,VI|.o + ^^)) • 

Having fixed a and s, we can now choose first rj and then e such that C{n, s, a) {\\h'^ ^\\oo + ^7^) ^ jcei 
for T sufficiently small. Since |0e| as r ^ by Lemma 3.11 , ( [tg] ) follows from the last formula. This 
concludes the proof. 
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4 Appendix 

4.1 A Pohozahev-type identity 

Proposition 4.1 Let n> b, let Br he the hall in M" centered at and with radius r, and let p > 1 and 
let u he a positive solution of 

n — 4 

(89) A^u = f{x) w« X e Br. 

We have 
n - 4 



2(9 + 1) V^B. ' 2 U+1 2 jA/" 

- r / fu'^+^dcr^f B(r,x,u,\/u,\/^u,\/^u)dcr, 

2(9+1) Jas, icSB,- 



w/iere 

B r,2;,u,Vu,V2M,v3u = ^ Au — - - Au p + — — m — A u 

2 Oi^ 2 2 ov 

+ (a;, Vu)^(Au) - Au ^Wi. 

Proof Multiplying equation (^) by w we have 

/ uA^udx^"^^—^ [ fu-^+Ux, 

J Br- 2 

so integrating by parts we obtain 

/ {AuYdx^^^^l fu^+Ux- f Au?^da+ f u-^{Au)da. 
JBr 2 Jb^ JdBr JgBr ov 

Multiplying equation (^9|) by obtain 

n Tl ^ ^ f 

(90) \ / A^uxiUidx = y / XiUifu'^dx. 

Integrating by parts, we rewrite the right hand side of ( pO| ) as 

V/ x.u.fu'^dx = —f fu'i+^dx + -!— f fui+^da 

(91) - 1 ^ / |/ ,.+1 dx. 

1+^~[JBr dx^ 

Next, one can transform the left hand side of (^0|) in the following way 

(92) / A^uxiUidx = —— / {Au)'^dx + - / (Au)'^ da + / Au — da 

,_i JBr- 2 Jg 2 Jqb Jag OV 



/ (XjS/u)— (An) dx +} / Xi — (ui)Audx. 

JdB,. OV j~{JdB,. OV 



So, putting together equations (|90|), (|9l| ) and ( |92[) we obtain the result. ■ 
It is easy to check that the boundary term enjoys the following properties 
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Corollary 4.2 B{r, x, u, Vu, V^m, V'^u) has the following properties 

i) for u{x) = |a;|'*~", it is 

B{r, X, u, Vu, V^u, V^-u) = for all x e dBr, 

ii) for u[x) = Ixl"*^" + yl + a{x), where A > is some positive constant and a{x) is some function 

with a(0) = 0, then there exists some r* > such that, for any r with < r < r* we have 

B{r, X, u, Vw, V^u, V^m) < for all x G dBr, 

and 

lim / B{r,x,u,Vu,W^u,V^u) ^ ~{n~4:)^{n~2)uj„_iA. 

4.2 A maximum principle for elliptic systems on domains 

We recall the following result, see |^ page 193. 

Lemma 4.3 Let D e M" he a hounded smooth domain, and let w(-) > he a vector field on D such that 

k 



Lfj.[Wfj_] + '^h^^w^ < in D fi = l,...,k, 



where 



l,J — l %—\ 

where a|^^(x), h^l^^ (x) are uniformly hounded, a'^^ {x) are uniformly elliptic, and hf^^i, > for fi ^ v. 
Suppose that the vector field z{x) satisfies the system of inequalities 



Lf^[z^]+^hf^i,z^>0 in D ^ = l,...,/c, 



1^=1 

and that there exists some constant M > such that z < M w on dD. Then z < M w in D. 

4.3 Some properties of biharmonic functions 

We recall the following well known Lemma, see for example |Q . 

Lemma 4.4 (Bocher) Suppose n > 3, oq G M, and v e C^(i?2 \ {0}) satisfies the conditions 

fAw = mB2\{0}, 
ji; > ao|a;p-" in B2 \ {0}. 

Then there exist ai > Oq and an harmonic function d : Bi M. such that 

v{x) =ai\x\^-" + d{x) xeBi\{Q}. 



Taking into account Lemma 4.4, we can prove the following analogous result regarding the biharmonic 
operator. 
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Lemma 4.5 Suppose n> 5, and suppose v £ C^(i?i \ {0}) satisfies the conditions 

'A^v = inB2\{0}, 
v>0 m B2\ {0}, 

Av>0 mB2\{0}. 

Then there exist ai, a2 > a function b € C°°{Bi) with A^b — such that 

v{x) = ai Ixl"*"" + 02 Ixp-" + b{x) xeBi\ {0}. 



Proof Set w = Av. Then one can easily check that w satisfies the assumptions of Lemma 4.4 with 
ao = 0, so there exist 03 > and a function d e C°°{Bi) with Ad = such that 



w{x) ^ aalxl-"-"^ + d{x) xeBi\{0}. 



Define v : Bi\ {0} to be 



v{x) 



0-3 



|4— n 



2 (n - 4) 



A"^d{x) xeBi\ {0}. 



where A ^d denotes a classical solution of Au = d in Bi. It is easy to see that, setting v — v — v, there 
exists C > such that v satisfies 



AU= 

v> -Clx]^-"- 



in Bi \ {0}, 
in Bi \ {0}. 



Hence, applying Lemma 4.4 to v, there exist 02 > and e G C°°{Bi) with Ae = such that 

iJ(a;) = 02 |a;|2-" + e(a;) in Bi \ {0}. 

Hence the Lemma follows setting 

«3 _ , A-l 



2 (n - 4) ^ 



6 = e + A-M. 



The proof is concluded. 
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